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LOCKING EFFECTS IN THE FINITE ELEMENT APPROXIMATION 
OF PLATE MODELS 

MANIL SURI, IVO BABUSKA, AND CHRISTOPH SCHWAB 

ABSTRACT. We analyze the robustness of various standard finite element 
schemes for a hierarchy of plate models and obtain asymptotic convergence 
estimates that are uniform in terms of the thickness d. We identify h ver- 
sion schemes that show locking, i.e., for which the asymptotic convergence rate 
deteriorates as d - 0, and also show that the p version is free of locking. 
In order to isolate locking effects from boundary layer effects (which also arise 
as d -+ 0), our analysis is carried out for the periodic case, which is free of 
boundary layers. We analyze in detail the lowest model of the hierarchy, the 
well-known Reissner-Mindlin model, and show that the locking and robustness 
of finite element schemes for higher models of the hierarchy are essentially 
identical to the Riessner-Mindlin case. 

1. INTRODUCTION 

The bending of elastic plates is often analyzed by replacing the actual 3-d 
plate problem by a 2-d model. It is possible to define a whole hierarchy of 
plate models, of which the well-known Reissner-Mindlin (RM) model is the 
lowest-order member, such that the modeling error can be controlled by using 
a sufficiently high-order model from the hierarchy. The numerical approxima- 
tion of any plate model by the finite element method introduces an additional 
discretization error into the calculation. For certain finite element schemes, this 
discretization error can become very large when the thickness d of the plate is 
close to zero. This occurs because of two phenomena, the existence of boundary 
layers and the presence of locking. 

Boundary layers arise as components of the exact solution of the plate models 
and (to some extent) reflect the boundary layers present in the exact solution 
of the corresponding 3-d problem. In a series of papers (see [1] for references), 
Arnold and Falk have characterized in detail various aspects of the boundary 
layer for the exact RM solution, for different boundary conditions. (The bound- 
ary layers are in general different for different models of the hierarchy). One 
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effect of the presence of these boundary layers is to weaken the a priori regular- 
ity of the solution. Since the singular behavior occurs only near the boundary, 
an effective strategy to overcome any consequent deterioration of numerical 
schemes is to locally refine the mesh (usually with a low-order scheme). See, 
for instance (2], where this has been done in the context of the h-p version. 

The second phenomenon mentioned above, numerical locking, also occurs 
when the thickness is close to zero, but for a different reason. It is well known 
that as the thickness d -- 0, the solutions of the plate models tend to the Kirch- 
hoff plate solution. In the limiting case, the exact solution will therefore satisfy 
Kirchhoff's hypothesis. The problem of locking occurs because as d -O 0, the 
finite element solution is also forced to satisfy this hypothesis. Consequently, 
the number of conforming trial functions (which satisfy Kirchhoffs hypothe- 
sis) can get severely restricted, resulting in a degradation of the approximation 
properties of the trial space. 

Since the problem of locking is quite different in terms of origin and numer- 
ical treatment from that of boundary layers, it is more instructive to analyze 
these problems separately. In this paper, we will be interested only in the prob- 
lem of locking. To isolate this phenomenon and separate it from the effect of 
boundary layers, we will be considering the case of periodic boundary condi- 
tions, which we will choose so that the solution is smooth. (This also models 
the situation in the interior, in the case boundary layers are present.) 

One method to avoid locking is to construct a finite element space which 
possesses optimal approximation properties even when restricted by Kirchhoflfs 
constraint. This leads to a robust standard FEM, i.e., one whose performance is 
not sensitive to the thickness. An alternate strategy is to use a mixed method, 
which has the effect of enforcing the constraint in a weaker sense, thereby re- 
stricting the finite element space less. A number of mixed methods have been 
proposed and analyzed for the RM model, see e.g. [1, 10], Chapter 7 of (9] and 
the references therein. 

Our approach in this paper will be to characterize the locking and robustness 
properties of various standard (as opposed to mixed) finite element schemes, 
for plate problems with periodic boundary conditions, using the general theory 
of locking developed by us in (4]. A key condition from that work, the so-called 
"condition (a) ", will be shown to be satisfied in this case, thereby reducing 
the question of locking to one of approximability alone. A similar technique 
was used by us in 51] to analyze Poisson ratio locking, which occurs in elasticity 
problems when the Poisson ratio is close to 1/2. This technique is tailored to 
the first strategy mentioned above, i.e., the standard FEM, which involves the 
direct variational principle without reformulation. In contrast, mixed FEMs re- 
formulate the variational principle and typically need compatible FE subspaces 
and an inf-sup approach for their analysis. The goal of this paper-and, of 
course, also a limitation-is to address only the standard variational method, 
which is directly usable for the entire hierarchy of plate models (such hierar- 
chies also exist for laminated plates). As a consequence, our results apply to 
various elements from commercial codes based on the standard FEM. (We note 
that though we do not address mixed methods, some of the triangular finite el- 
ements analyzed by us in ?4 in the context of the RM model can be formulated 
as equivalent mixed methods and, in fact, have been analyzed in this form as 
"Family III" of reference (10].) 
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In ??2 through 5, we develop various results for the RM model, the lowest- 
order (and most commonly used) model in the hierarchy. For models higher 
up in the hierarchy, the asymptotic convergence in d is faster, provided that 
the solution is smooth. The next highest model in the hierarchy after the RM 
(or (1, 1, 0)) model is the so-called (1, 1, 2) plate model, which models the 
corner singularities and boundary layers of the 3-d problem more accurately 
than the RM model (see [2]). (Let us mention that for the clamped plate, the 
difference in data computed at the boundary from these two models can be as 
high as 30%.) 

In ?6, we consider the question of locking for the (1, 1, 2) model and, by 
extension, also for higher-order models in the hierarchy (once again for the peri- 
odic case). The techniques we use to analyze the RM case in ??2-5 can be easily 
extended to such higher-order models as well (which is why we consider the RM 
case in such detail). We prove that the question of locking once again reduces to 
the Kirchhoff constraint being satisfied by the approximating subspaces. Hence, 
the results for the RM case carry over directly, with no additional locking effects 
being observed for higher-order models in our hierarchy. 

Let us note that for the RM case, an alternative method of analysis based on- 
the Helmholtz decomposition of the shear strain (see [1, 9, 10]) may be used. 
Most of the locking results we establish for the special RM case are, in fact, 
predictable from what is known for nearly incompressible elasticity ( [5, 13, 14, 
16]) by this alternative method. See Remark 5.1. 

2. THE REISSNER-MINDLIN PLATE MODEL AND ITS REGULARITY 

We consider as our domain the 2-d midsection Q = (-7r, 7i)2 of a square 
isotropic plate with the plate occupying the region R = Q x [-d, d] . On Q 

we consider the RM plate model for Ud = (qd, d ), 

(2.1) CdUd = -d2 {(- v)Aq$d + (1 + V)VV *kd} - K#(VWd -d) = 0, 

(2.2) -Kc4d 2V * (Vwd - d) = s 

which gives the bending of the plate in equilibrium. (Since the membrane effects 
do not exhibit shear locking, we consider in the present paper only the problem 
of pure bending.) We assume periodic boundary conditions, 

(2.3a) 
COd(X, 7r) = Cd(X, -70, OJd(7r, y) = (Od(-7C, Y), |X|, I YI < X, 

(2.3b)Od(X,7Q)Wd(X,7), 7 d(7(,Y)W=d(-7,Y), IXI,IyI<7r 

Here, qd gives the rotation of fibers normal to the midplane, cod measures 
the transverse displacement of the midplane, and D = E/ 12(1 - v2) is the 
flexural rigidity scaled by d3. Also, ,u = E/2(1 + v) is a Lame coefficient, 
with K > 0, E and 0 < v < 0.5 being the shear-correction factor, Young's 
modulus and Poisson ratio, respectively. (The second Lame coefficient, A = 
vE/(l + v)(1 - 2v) will be used in ?6.) Moreover, g is the scaled loading 
function, i.e., the transverse load density per unit area divided by d3. (We 
assume, essentially, that the loading function for a plate of thickness d is gd3, 
where g is independent of d.) 
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If we allow d to tend to zero in (2.1), we formally obtain Kirchhoffs hy- 
pothesis, 

(2.4) COuO := 00 - gradco0 = 0. 

The limiting solution uO = (00, co) satisfies (2.4) together with 

(2.5) DA2w0-g 

and the periodic boundary conditions (2.3) (see, e.g., [3]). This, of course, is the 
classical biharmonic equation of plate bending, which (unlike the RM model) 
is independent of d (and is sometimes used to model the actual 3-d plate). 

For any domain R c Rn we will denote by HS(R) the usual Sobolev space 
with s (= 0, 1, 2, ...) square integrable derivatives. If f denotes the 27r- 
periodic (in x and y) extension of f E Hs(Q) to Rn (recall Q = (_-t, 7r)2), 
then Hier(P) will denote the set of those f for which f E Hlsc(Rn). Using 
the method of real interpolation [7], we may define the above spaces for all real 
s. We will use I k Is 11 * Ils to denote the seminorm and norm, respectively, in 
both the periodic and nonperiodic case. We will also use C(s)(Q), which will 
denote the space of functions with s periodic continuous derivatives. 

Any u(x) = u(xI, x2) in Hjer(Q) can be expanded as a Fourier series, 

(2.6) u(x) E ukeik-x k=(kl,,k2), x=(xl,X2), 
kEZ2 

where 
k IkX) keZ2 

with (.,*) denoting the usual L2(Q) inner product. Then we have the following 
equivalences: 

(2.7) Iu12 j IkI2sIukI2 jjujj5 -2 (1 + 1k12)sIukI2 
kEZ2 kEZ2 

which hold for all real s > 0. We may also use (2.7) to define the norms lullsj, 
s < 0, and the corresponding spaces Hj,r(2) , which are the completions under 
these norms of Hpoer(P). 

We now cast (2.1)-(2.3) into the following weak form. For d E (0, 1], find 

Ud = (kd, Wd) OE V [Hi r(Q)13 such that for all v = (0, E) E 

(2.8) ad(Ud, v) = b(ud, v) + dK2 (COud, Cov) =F(v). 

Here, Co is as defined in (2.4), 

b(Ud, V) = 2 f{(l - v)V4d * VO) + (1 + V)(V - 4d)(V *)} dxl dJ2 

and 

F(v) = (g )=Jjg4dxldx2, 

with the last integral being understood as the pairing of 
Hp'r(Q) 

and H,r (2) 
if g E H I (Q) . (For existence and uniqueness for this problem, see Theorem 

1Our definition for b(u, v) is equivalent to the usual one used for the RM plate model, since 
we have periodic boundary conditions. 
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2.1 ahead.) We will denote the problem (2.8) by Pd and assume, without loss 
of generality, that it is equivalent to (2.1)-(2.3). 

We define the energy norm corresponding to Pd by 

(2.9) I|UIIE, d=ad(U, U), UEV. 

Also, for u E Hkper () X Hpker(Q) X Hper(Q2)=: Hper'(fi), we let 

(2.10) IIuI12,, = II(-* , )I I = 0jII2 + 1 1 12 + 1111w 
2 

where the norm in co is understood to be modulo constants. Then it may be 
shown that 

(2.11) AiIIuII1,1 < IIUIIE,d < A2d8flu11j,1, 
where A1 and A2 are constants independent of d and , I = 1. It is readily 
observed that for d bounded away from 0, the two norms are equivalent. 

Let us now define, for k > 1, 0 < d < 1, the spaces Hk,d c H plsk 
given by 

(2.12) Hk,d = {U E Hpelk(Q), CdU = 0}. 

For any normed linear space H, we will denote the ball of radius B > 0 by 

HB {U E H, |IUI|H < B}. 

We will use the notation 

(2.13) HB = Hk+l,k,B(a) _ per ), IIUIIk+1k?B} 

and 

(2.14) HB d= H n Hk,d 

We note that (2.10) may equivalently be characterized as 

(2.15) Hk,d={U=(,er), EHp1(Q),Cdu=0} 

since, by (2.1), it is easily seen that k E Hpke+r1 () implies c E Hp Simi- 
larly, in the definition of HBkid I we mayreplace IIuIIk+1,k by 1I01Ik+1 . We note 
also that for u E HBd we have, using (2.1), 

(2.16) IICOuIlk-l < Kd2B 

for K a constant independent of u, d. 
Let us look more closely at the limiting sets Hk, o and Hk%. Since for these 

Cou = 0, we see that E E Hp1er (Q) implies that Vo = ? E Hpi(Q), so that 
Ol E Hpk2(a). Hence, we see that in this limiting case, the regularity of co is 
increased by two derivatives, and we have the equivalent characterization 

(2.17a) Hk,o = {U E H l k+2() = o0}, 

(2.17b) HB 0 = {U E Hk,o, IIUIlk+l,k+2 < B}. 

The choice of the above is motivated by the following theorem, which gives 
an a prionr estimate in these weighted norms. 
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Theorem 2.1. Let g E Hper22Q), s > 1, satisfy the compatibility condition 

(2.18) (g, 1) = 0. 

Then there exists a unique sequence of solutions {Ud} = {0d, Od} (Od unique 
up to a constant) to (2.1)-(2.3) for d E (0, 1] and (2.3)-(2.5) for d = 0, such 
that Ud E Hsd'B where B = ClIgIs-2, with C a constant independent of g and 
d. 
Proof. Suppose. g, kd l, Od2 and (Od are represented in terms of their respec- 
tive Fourier series, as in (2.6). Then (2.1)-(2.2) may be written as (d > 0) 

-/ 2 2l+1vk2+A-2 D (I +v)kl k2 -iK#d-2k, [f12k~ + (1 - V)k22} + +K)kd2-icg2k 

Ei ekx D2 ( + v)klk2 D {2k22 + (1 - v)k2} + Kid2 -iKcd-2k2 
kEZ2 iKgd-2kj iKid-2k2 Kcd-2(k2 + k22) 

I~d2I -1 0 2=0 

From this it may be easily verified that the solution ud of (2.1 )-(2.3) is 
/ ik1~~~~ 

(kdi\ ( DIkI4~~~~~Od 

(2.19) ud = kd2 J = Z eikx 1, ) gk, 

(0d kEZo 1 +k 

/ k _ _ _ _ g~ ok 

where Z0 = Z\{O} . Here, we have used the fact that g? - 0, because of (2.18). 
Similarly, the solution of (2.3)-(2.5) is given by 

ik 

(2.20) (00 = Z elk z g 

Odi eZg Dik I4 

where q50 = Vwo0. Note that in (2.19)-(2.20), C0d iS unique up to a constant. 
From (2.19), it is easily seen that for d > 0, 

proving that Ud E HBd The case d = 0 follows similarly from (2.20). 

We now prove the following theorem, which gives us the so-called "condition 
(a)" which is central to the locking theory developed in the next section. Es- 
sentially, this condition establishes the rate at which the solution of (2.1 )-(2.3) 
tends to the solution of (2.3)-(2.5) in the Hby S(Q) norm when d is small. 

Theorem 2.2. For any Ud = (qSd, wd ) E HsBd, there exists u0 = (qSo, zo) E H-513 
such that 

)d -0 (OIIs ? Kd2B, 

where c, K are constants independent of Ud, d and B. 

Proof. Given Ud = (rkd, wd) E "s,d'B define g (possibly depending on d) by 
(2.2). Then, by (2.2), 

(2.21) IIgIIs-2 < Kd2IICoudIIs.l < KB, 
where we have used (2.16). 
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Now 'd, Od may be expressed in terms of g by (2.19). Also, let t0 be 
given by (2.20) and define q0 = Voo . Then it is easily seen that d = qo, and 
that ('op coo) E S, 0 where c is independent of Ud, d and B. Substituting 

Od = 00o = W00 in (2.1), we have 

V(Od - coo) = ,A4d2 {(1 - v)Aqd + (1 + v)VV *d&}, 

from which it follows that 

IIWd - Oo ts ?< Kd211 Kd2B. 0 

The above theorem shows that for d small, functions in HBd are close to 
functions in HsO .* In this connection, we will also need the following result. 

Theorem 2.3. Given uo E sBO O s 1, there exists a constant C independent 
of uo, d such that for any d E (0, 1], there is a Ud E Hs,d satisfying 

(2.22) IIUdIIE,d + IlUdlIs+l,s ? CjjUOljs+l,s+2 

and 

(2.23) IIUd-UOII1,1-+0 asd-+O. 

Proof. First, using (2.16), one easily sees that for s > 1, 

(2.24) IlUdliE,d < CIIudIIs+1,s- 

Next, let uo = (grad co0, coo) E H. Then, since c9o E H+2(Q), we obtain 
the decomposition (coo is defined modulo constants) 

0o Z ikE x cok Z(kV2)s+2Icjkj2<ox 

kEZo kEZ2 

Hence, defining gk = DcokIkI4, we see that 

(2.25) g E H<r2(Q), (g, 1) = , ligis-2 < IIWOIIs+2 < CiIUOIIs+l,s+2. 

Using Theorem 2.1 together with (2.24)-(2.25) allows us to construct Ud satis- 
fying (2.21). Also, the argument of Theorem 2.2 shows that (2.22) holds. 0 

3. LOCKING AND ROBUSTNESS 

Suppose now that we are interested in approximating (2.8). We assume 
that we are given a sequence {VN} of finite-dimensional subspaces of V = 
[Hl r(Q)]3 (N denoting the dimension, N E XA). Then we can define the 
sequence of finite element solutions UfN E VN by 

(3.1) ad(Ud v)-ad(ud, v) VvEVN. 

The sequence { VN} thus defines an extension procedure 7I i.e., a rule by 
which we can increase the dimension N with the idea of increasing accuracy. 
Equation (3. 1) immediately gives 

(3.2) IIUd-UdINE d < inf IIUd-VIIE,d- d vEVN 
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As shown in Theorem 2.1, depending upon the regularity of the data g, 
the H~~~~~~~~~~~~~~~~~ rk+l ,k (K) the exact solutions of our problem will belong to the sets Hk, d C -per 

k > 1, introduced in ?2. We will assume that the sequence { VN} is Fo- 
admissible, i.e., it leads to a certain fixed rate Fo(N) of convergence when 
functions in Hk+1, k(.Q) are approximated, in the following sense: 

(3.3) AIFo(N) < sup inf Ilu-vlll, I < A2Fo(N). 
uEHB VEVN 

Here, Fo(N) -* 0 as N -0oo and A1, A2 depend upon B but are independent 
of N. Moreover, we assume that there exists do E (0, 1) such that for do < 
d < 1, 

(3.4) A1(do)Fo(N) < sup inf IIu - vjjII ? <A2(do)FO(N). 
uEHB VEVN k,d 

(Note that the lower bound in (3.3) follows from the one in (3.4), while the 
upper bound in (3.4) follows from the one in (3.3).) 

Using (2.11), (3.2) and (3.4), we then obtain the following estimate, which 
holds uniformly for all do <-d < 1: 

(3.5) A1(do)Fo(N) < sup Ed(ud -d4) ? A2(do)Fo(N), 
UdEHk ,d 

where 

(3.6) Ed(v) = IIvIIi,I or IIVIIE, d 

Whether or not A1, A2 are bounded as do 0 O will depend on the extension 
procedure being used. 

A procedure F for which (3.5) holds uniformly for all 0 < d < 1 will be 
called free from locking for the sets Hk, d with respect to the Ed measure. A 
more precise definition, adapted from the general treatment of locking in [4], is 
given below. 

Let L(d, N), the locking ratio corresponding to d E (O, 1], N E X4f, with 
respect to the spaces Hk,d C HAperl .k(fi) and error measures {Ed} (as in (3.6)) 
for the problems (3.1), be defined by 

L(d, N)= sup Ed(ud-N)(Fo(N)) 1 . 
UdEHk, d 

Then we make the following definitions. 

Definition 3.1. The extension procedure F is freefrom locking for the family of 
problems (3.1), d E (0, 1], with respect to the solution sets Hkd C Hpjelrk(Q) 
and error measures Ed if and only if 

limsup [sup L(d, N) M < 0o. 
N-too dE(O, 1 N 

The extension procedure Y shows locking of order f(N) if and only if 

0 < limsup sup L(d, N)f( = K < oo, 
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where F(N) -0 as N -* ox. It shows locking of at least (respectively at 
most) order f(N) if K > 0 (respectively K < ox). 

Definition 3.2. The extension procedure S is robust for the family of problems 
(3.1), d E (0, 1], with respect to the solution sets Hk,d C Hpke+r k(Q) and error 
measures Ed if and only if 

Lim sup sup Ed (Ud-d)= . 
N-~oo d UdEHk, d 

It is robust with uniform order g(N) if and only if 

sup sup Ed(Ud-Udf) g(N), 
d UdEHkId 

where g(N)-O as N -oo. 

Remark 3.1. In ??4, 5 we will frequently use the form g(N) = N-r to character- 
ize the robustness order r. If r = 0, then convergence will not be guaranteed. 

Definitions 3.1, 3.2 are related by the following theorem, from [4]. 

Theorem 3.1. The extension procedure S is free from locking if and only if it 
is robust with uniform order Fo(N). Moreover, suppose f(N) is such that 

f(N)Fo(N) = g(N) -*O as N oo. 

Then Y shows locking of order f(N) if and only if it is robust with maximum 
uniform order g(N). 

It is easily seen that S is nonrobust if and only if it shows locking of order 
(Fo (N)) 

- I 
- 

Let us briefly explain the above ideas. We are assuming that our exact solution 
has a certain regularity (i.e., it is in HJ1' k(Q)). Our extension procedure ST 
has associated with it a rate of best approximation Fo(N), which gives the best 
approximation that we could expect to achieve (equation (3.3)), for the most 
unfavorable exact solution in H-Pe rk(Q). Using the finite element method 
gives this rate for d > do (equation (3.4)), but does not necessarily give this 
rate (uniformly) as d approaches 0. The locking ratio compares the accuracy 
actually achieved by the finite element method (for the least favorable exact 
solution in Hk,d) to the best accuracy possible (i.e., to Fo(N)). If the achieved 
accuracy is asymptotically the same as the rate Fo(N) in (3.3), (3.4), uniformly 
for all d E (0, 1], then we say that the extension procedure S { VN} is 
free of locking for all Ud E Hk,d' d E (0, 1]. If the achieved accuracy is 
asymptotically not the same, then the robustness g(N) gives the best rate of 
convergence that can be achieved independent of the parameter d. In this case, 
f(N) = g(N)(Fo(N))-1 characterizes the asymptotic strength of the locking. 

In [4], we have formulated a useful condition, called condition (a), under 
which the question of locking reduces to one of approximability alone. For this 
condition to hold, we must first be given a sequence of solution spaces Hk, d and 
a limit space Hk,o such that Theorem 2.3 holds. Then condition (a) may be 
stated as: Given Ud E B d' gthere exists a u0 E HkB0 (for some c independent 
of ud, d, B; uo depending on Ud) such that 

(3.7) IIUd - UoIIk+1,k < KdPB 
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with K a constant independent of B, d and Ud. Here, fl is the exponent 
appearing in (2.11), fl = 1 in this case. This condition therefore characterizes 
the distance of solutions Ud to functions u0 satisfying (2.4), as d 0. We 
have shown in [4] that if the "remainder" Ud - u0 is small in the sense of (3.7), 
then we need only consider the approximation of functions u0 in the limit 
space H, to answer questions about locking and robustness. 

Our choice of periodic boundary conditions for the plate problem is moti- 
vated primarily by the fact that condition (a) is satisfied. To prove (3.7) for 
our problem, we simply choose u0 (for given Ud) as in Theorem 2.2. Then 
we get (3.7); in fact, we get a power of d2 (instead of just d, as needed). As 
a result, Theorem 2.4 from [4] will hold for our problem. This theorem states 
that locking and robustness rates are the same, no matter which error measure 
in (3.6) is used. It is stated below. 

Theorem 3.2. Consider the family ofproblems (3. 1), d E (0, 1], with the solution 
sets Hk, d c Hpk+ k (), k > 1 . Then the extension procedure s is free from 
locking with respect to the V = Hlper (Q) norm if and only if it is free with respect 
to the energy norm. It shows locking of order f(N) in the V norm if and only 
if it shows locking of order f(N) in the energy norm. 

Remark 3.2. We will now only refer to the locking of F, without specifying 
the error measure in (3.6) we are using. Note, however, that instead of (3.6), we 
could have, in principle, defined some other error measure (for example, one 
that included the error in the shear strain). In that case, we would get different 
results, since the question of locking is extremely dependent upon the error 
functional under consideration (see [4, 5]). The results in this paper only relate 
to the two error functionals in (3.6), i.e., we are assuming that the quantity we 
are interested in calculating is the energy, as opposed to some other quantity of 
interest. 

The following theorem reduces the question of locking to one of approxima- 
bility alone. 

Theorem 3.3. Consider the problem (3.1) with solution sets Hk, d k > 1. Let 
VN = yNXZN, where yN C [Hler( )]22, ZN C Hi'er(Q ), and define WN c ZN 

by WN CO E ZN, grad E yN}. Then the extension procedure F - {VN} 
is robust with uniform order max{Fo(N), g(N)}, where g(N) is given by 
(3.8) g(N) sup inf 110 - z112. 

WEk+2,B zEWN 

Also, with Fo(N) as in (3.3), F is free from locking if and only if 

(3.9) g(N) < CFO(N). 
It shows locking of order f(N) if and only if 

(3.10) C1Fo(N)f(N) < g(N) < C2Fo(N)f(N). 
Proof. Define 

(3. 11 ) k(N) sup inf IIu-vII=p n 
uE,% vEVn 

1 
- 

111 
uE oC0v=0 

Since condition (a) is satisfied, by Theorem 2.2(B) of [4], F is robust with 
uniform order max{Fo(N), g(N)}. The argument is as follows. For ud E 
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HB d, we may find (by condition (a)) a Uo E HE j such that (3.7) holds. Then 
we have 

IIUd UdI 1,1 ? < [IUdi IIE d inf IUdVIIE,d 
VEVN 

-VI, 

< inf {jjuo-V IIIE,d +J II(Ud-UO)-V211E,d} 
V1 +V2E VN 

(3.12) CV1=0 
< g(N) + d-P inf 1l(Ud - Uo) - V2111,1 

V2EVN 

< g-(N) + d--8[dlFo(N)], 

using (3.3) and (3.7) (the latter giving (ud - uo) E HdB). This proves the 
robustness order. Next, using the fact that Theorem 2.3 and condition (a) 
hold, we see by Theorem 2.2(B) of [4] that (3.9) and (3.10) will hold with g(N) 
replaced by g(N). 

To show g(N) and g(N) are equivalent, consider a v = (i, z) E VN such 
that Cov = 0. Then 

COv=0 4zeWN, 7=gradz. 

Hence, for u = (c, o) E H,B%, we have 

g(N)= sup infN {N - vifjl + 1w - zl} 
UEH8' vEVN 

,OC0v=O 

- sup inf {jIgradw-gradzjlI+II(-zI11}, 
Hpk+2,'B() ZEWN 

from which it is easily seen that g(N) and g(N) are equivalent. The theorem 
follows. 0 

Let us now define the subspaces VN = yN X ZN. We will consider both 
triangular and rectangular meshes. Our results will be for the uniform triangular 
and rectangular meshes Mh , M2h shown for the case of our square domain Q 
in Figure 3.1. 

Let S be a triangle or parallelogram. Then we define 

.9p (S) = polynomials on S of total degree < p, 
9f 5)= polynomials on S of degree < p in each variable, 

9p(S) =9- 9(S) @E {xfPx2, xIx }, Ithe serendipity elements. 

FIGURE 3.1. Uniform meshes MI, M2 
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Remark 3.3. The spaces -92 (S), y9 3(S) are the usual p and @p spaces (and 
are defined only for S a parallelogram). 

For any mesh Mh, we now define for i = 1, 2, 3 

,- (Mh) V {V E L2(Q4), Vij E (Q)} 

where Qh are the elements of Mh. For k > 0, we define 

= yi,h(Mh) = yi,h nC(k 

where p and are defined for rectangular meshes only. In the suc- 
ceeding sections, we will consider the locking effects of the spaces VN = V,h 
defined by taking yN - ypth = . and ZN = zq, q Oh. Note that 
for the space h, one has N = O(h-2p2). 

4. THE h VERSION 

In this section, we consider the robustness of the finite element spaces VN - 

Vpi, qh when p, q are held fixed and h is decreased to attain accuracy. We first 
estimate Fo(N) in (3.3), (3.4). 

Lemma 4.1. Consider an h version sequence of spaces {VN}- ,{V q} defined 
by Vp ,q = yiph XZq,h = [Zi p?Ai]2 X q :h on an appropriate triangular or paral- 
lelogram quasi-uniform mesh, where p, q > 1 arefixed and h varies. Then for 
any do > 0, (3.4) is satisfied with 

(4. 1 ) Fo(N) = CN- ~~~min(p, q, k- 1)/2 (4.1) FO(N) =CN 

where C is independent of N but depends on p, q, k. Moreover, (3.3) is also 
satisfied with the above Fo. 
Proof. We first note that for 1 > 1, r > 1, with ,B = min(r, 1- 1)/2, 
(4.2) C1N-0 < sup inf h liz - vlll ? C2N-fl. 

ZEHPVrB(Q) VE r,o 

This has been shown in Theorem 4.1 of [5] (for example) for the nonperiodic 
case, from which the periodic case is easily deduced. Using (4.2), we easily see 
that the upper estimate in (3.3) (and hence (3.4)) holds with Fo given by (4.1). 
To establish the lower estimate in (3.4) (and hence (3.3)), we note that given a 

periodic WOd (or conversely a periodic bd) , we can find a corresponding periodic 
function Od (or a periodic COd) satisfying (2.1) such that Ud = (d , COd) (or 

-~~~~~ 
Ud = ('d, Od )) lies in Hi d (for appropriate k) . Hence, (4.2) can be used to 
establish the required lower bound. 0 

We may now analyze the locking and robustness properties of various types 
of elements by calculating g(N) defined by (3.8) and comparing it with Fo(N) 
given by (4.1). We first consider triangular elements. 

Suppose that VN = JP,s (as in Lemma 4.1) is defined on the mesh Mh. 
Then we see that 

WN =gvl, h q < p 
(4.3) WN = q,1' qIp 1 

=~%14~ q ?p +l 
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Let us define 

r(q) = max(2, q) for 1 < q < 4, 

= q+ 1 forq > 5. 

Then the following lemma follows from Theorem 5.1 and Lemma 5.2 of [5], 
where it has been established for the nonperiodic case. 

Lemma 4.2. Let Mh be the uniform triangular mesh of Figure 3.1. Then for 
co EH 2(Q) k>O, q> 1, 

inf V - z112< Ch min(k, r(q)-2) 1l0lk+2 
zE1 h 

Moreover, there exists a function Q E C(') (Q) satisfying 

inf IIQ - Z112> Chr(q)2 
zE Alh 

We can now prove the following theorem. 

Theorem 4.1. Let the extension procedure F consist of the h version on the 
uniform triangular mesh Mh, with spaces {VN} = {Vq%h} = {[gD0h]2 xg%l's}. 
Let the solution sets be Hk,d. Then for the p and q shown below, F is robust 
with uniform order N-r when k > 2r + 1 and shows locking of order NI when 
k > p +1. 

Robustness Locking order 
Degree Degree order = O(N-r) = O(NI) 

p q r1 
1 q > 0 1/2 

2<p<4 q=p (p-2)/2 1 
p>5 (p-1)/2 1/2 

2<p<3 q>p+1 (p-1)/2 1/2 

p?4 q>p+l p!2 0 

(For p > q, the same results as for the case (p, q) = (q, q) hold.) 

Remark 4.1. The above theorem shows that with the customary choice p =q 

convergence is not guaranteed for p = 1 or 2 (i.e., the robustness order r is 0) 
and is only guaranteed (with reduced order) if p > 3. In fact, locking cannot 
be avoided whenever we take p = q. It is 0(N) for p = 2, 3, 4 and O(N1/2) 
for p > 5 (for p = 1, it is technically O(N12) as well, since the maximum 
possible rate in this case is O(N- 1/2)) . To avoid locking, p has to be taken to 
be 4 or larger, with q being chosen to be p + 1. (Note that taking q > p + 1 
will not increase the robustness rate.) 

Proof of Theorem 4.1. We illustrate the proof for p = 2, for the two cases 
q = 2, q > 3. By Lemma 4.1, we see that for both cases, for k > 1, 

(4.4) Fo(N) = CN-min(2,k-l)/2 
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and for k > 3 (i.e., k > p + 1), we have the best rate that we can expect, 
i.e., O(N-1). We now calculate the robustness rate actually achieved, given by 
max(Fo(N), g(N)), where g(N) is defined by (3.8). 

For q = 2, we see that, using (4.3), we have 

(4.5) g(N)- sup inf 11Co0- Z112. 
cwEHPk+2,B(La) ZE'1, h 

By Lemma 4.2, for any k > 0, we see that 

Cl < g(N) < C 

and hence, for k > 1, the robustness rate is max(FO(N), g(N)) C. Hence, 
this method is not robust. By (4.4), for k > 3, FO(N) = CN-1, so that by 
Theorem 3.3, the locking is O(NI). 

For q > 3, we get (4.5) again, except z is now in .S'/'. By Lemma 4.2, 
for k> 1, 

Clh < g(N) < C2h, 

i.e., g(N) CN-1"2. Using (4.4), we see that for k > 2, FO(N) < CN-112, 
so that the robustness rate is max(FO(N), g(N)) = CN-1/2 for k > 2. Also, 
for k > 3, Fo(N) = CN-1, and by Theorem 3.3, for k > 3, the locking is 
0(N112). 0 

Remark 4.2. The robustness for the case p > 4, q = p + 1, was established in 
[101 by a different method. It was, in fact, shown that this case is locking-free 
even when the quasi-uniform version of Mh is used. As discussed ahead in 
Remark 5.1, the results of Theorem 4.1 can be deduced from the results in [5, 
13, 14] for nearly incompressible elasticity. 

Let us now consider the uniform rectangular mesh Mh . Suppose first that the 
extension 9 is based on .9p2(S) elements, with VN = V = . 
Then it may be observed that 

(4.6) WN =g92,h q <p, 

=,91,lh lU,92,h >Pl 

The following is an analog of Lemma 4.2 for this case. The nonperiodic 
version of this result is established in [8, 5]. 

Lemma 4.3. Let Mh be the uniform rectangular mesh of Figure 3.1. Then for 
WE H 2(e), k > 0, q > 1, 

(4.7) inf 1|C - Z112 < Chmin(k, q- 14604+2 
zEY,1A2h q(9, 

h 

Moreover, there exists a function Q E CP) ((i) satisfying 

(4.8) inf IIQ - Z112 > Ch"'. 
zE~h u.o2 q+w 1,1 h q2, h 

Obviously, the two bounds (4.7) and (4.8) hold for both the spaces q5, 1 u 

.,q,h and q2, Now using Theorem 3.3, Lemma 4.1, (4.6) and Lemma 4.3, 
we obtain the following theorem, whose proof is similar to that of Theorem 4.1. 
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Theorem 4.2. Let the extension procedure F consist of the h version on the uni- 
form rectangular mesh Mh, with spaces {VN} = {2h} = 2 ]2 X 2 soh}. 

Let the solution sets be Hk, d . Then for the p and q shown below, F is robust 
with uniform order N-r when k > 2r + 1 and shows locking of order NI when 
k >p+ 1. 

Robustness Locking order 
Degree Degree order = O(N r) = O(NI) 

p - q - r 1 

1 -q>1 0 1/2 

p>2 q?p (p-1)/2 1/2 

We now consider an extension procedure on Mh based on p3(S)-type ele- 
ments. Accordingly, suppose VN - 3 Then it can be shown that 

(4.9) W=g3, q <?p 

=g1,h =9+1, I 7p52,q>p+1, or(p,q)=(2,3), 

1t J2, p=2,q>4. 

In this case, we have the following lemma. 

Lemma 4.4. Let Mh be the uniform rectangular mesh of Figure 3.1. Then for 
CO EH.kt2 2(52), k>0, q> 1 

(4.10) inf 11(L) - z112 < Chmin(k M(q)) lc0llk+2 

q I, 

where m(q) = max(0, q - 3). Moreover, there exists a function Q E C(')(fi) 
satisfying 

(4.11) inf IIQ - z112 > Chm(q) 
zE3q, h 

Proof. The assertion (4.10) follows from Theorems 1, 2 of [8], as shown in 
[5]. Next, we note that in Lemma 5.2 of [5], (4.11) was established for h 

instead of .93, h for the nonperiodic case. Essentially the same proof can be 
used to prove (4.1 1) here as well. O 

Note that the bounds in (4.10), (4.11) will hold for ) and ) , respec- 
tively, as well. Using (4.9) and Lemma 4.4, we may once again establish the 
following theorem, analogously to Theorem 4.1. 

Theorem 4.3. Let the extension procedure F consist of the h version on the uni- 
form rectangular mesh M2h, with spaces {VN} = {J3,h} = {[73 hj12 x hI 

Let the solution sets be Hk d . Then for the p and q shown below, F is robust 
with uniform order N-r when k > 2r + 1 and shows locking of order NI when 
k > p+ 1. 
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Robustness Locking order 
Degree Degree order= O(N-r) = O(NI) 

p q r1 
1 q>1 0 1/2 
2 q=2,3 0 1 

q>_q4 1/2 1/2 

p > 3 q = p (p -3)/2 3/2 

q > p + 1 (p- 2)/2 1 

Remark 4.3. Theorems 4.2 and 4.3 show that locking cannot be avoided when 
rectangular elements are used, no matter what choices of p and q are made. 
Both 9 and 92 3 elements are robust only when p > 2 (for 4@22, we only get 
robustness if, moreover, q > 4). For p > 3, 91 3 elements show twice to three 
times the locking rate as 9@2 elements, depending on the choice of q. Similar 
results have been established for rectangular elements in the context of nearly 
incompressible elasticity [5] (see Remark 5.1). 

5. THE P AND h-p VERSIONS 

We now consider a p version extension procedure F, with {VN} = {JVpl:qh}, 
where h is kept fixed and p, q -* oo. Also, we consider an h-p version over a 
quasi-uniform family of meshes {Mh}, where both h and p, q are changed 
for accuracy. Then we have the following estimate for Fo (Theorem 4.2 of [5]). 

Lemma 5.1. Let {VN} - {VpKqjI} be a sequence of p version spaces on a fixed 

mesh Mh, with p, q oo. Then (3.3) and (3.4) (for any fixed do > 0) are 
satisfied with 

(5.1) Fo(N) = CN-(k-1)12 

where C is independent of N but depends on h, k. Moreover, as p, q - x, 

(5.1) also holds if the h-p version over a quasi-uniform family of meshes {Mh} 

is used. In this case, we have the following more refined estimate: 

(5.2) FO(N) = Chmin(r,k-l)r-(k-1) 

where r=min(p,q). 

Note that in the above, {Mh} does not have to be a family of uniform 
meshes, but can be a quasi-uniform family of meshes. 

We now show that there is no locking when the p version is used for our 
model problem. This result is closely related to a similar result for nearly in- 
compressible materials in [5, 16]. 

Theorem 5.1. Let the extension procedure F consist of the p version using a 
mesh consisting of triangles or parallelograms (which can be arbitrary). Then 
with solution sets Hk, d, k > 1, F is free of locking and is robust with uniform 

order N-(k-1)/2 as p, q-x . 
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Proof. Using the results of [ 1, 15, we can show that for the p version with 

C-p continuous triangular or parallelogram straight-sided elements, for cO E 
H ke+(Q) k > 1, (h fixed), there holds 

inf i1w - Z112 ? Crk IIwIIk+2 
z9r, l 

Now for any i =1, 2, 3, with VN h = 
[i,.h]2 X3I, h we have g?1 h c 

WN for r min(p, q). Since r = 0(N112), we have, with g(N) defined by 
(3.8), 

g(N) = CNk/2 

so that the method is robust with order max(g(N), Fo(N)) = CN-(k-l)/2 by 
Lemma 5.1. The theorem follows, by using Theorem 3.3. o 

Let us remark that in the above proof, it is observed that g(N) is of a smaller 
order than Fo(N). This implies that for the limiting case (where we have the 
biharmonic problem), the p version actually shows an increase in the rate of 
convergence (by one order of p), rather than a decrease owing to locking. The 
reason is that the solution to the biharmonic problem is of higher regularity 
than that of the plate problem, and the asymptotic rate of convergence of the 
p version only depends upon the regularity of the solution. 

For the h-p version, we may show the following theorem for triangular 
meshes. 

Theorem 5.2. Let the extension procedure ? consist of the h-p version, using 
quasi-uniform meshes consisting of triangles. Let VN - V,'" with p > 4, 
q > p + 1 . Then with solution sets Hk,d, k > 1, F is free of locking and is 
robust with uniform order N-(k-1)12 (or, more precisely, hk-1p-(k-1)). 

Proof. The. essential idea is to use the following estimate for the h-p version 
with Cpl) continuous triangular elements for CO E H 2(Q)e k > 1: 

perpe 

(5.3) inf 1wO - Z112 < Chkr-k IIwIk+2, 

provided r > 5, r > k + 1. An analog of (5.3) has been established in [6] for 
the case of C(0) elements-a similar technique, combining (5.1) with a scaling 
argument, works for the CM1) case as well. For VN = h,'h with q >p+ 1, 

p > 4, we have ,h 1 C WN. Hence, using (5.3) and Theorem 3.3, we have 

g(N) = Chkp-k = CN-k/2 

in (3.8). The theorem follows easily. 0 

We see from the above that when the h-p version is used, the separate ro- 
bustness rates of the h and p versions are combined. Theorem 5.2 therefore 
combines the results of Theorems 4.1 and 5.1, and says that if the p version 
is combined with a locking-free h version, then the resulting h-p extension 
procedure is also free from locking. 

Remark 5.1. As mentioned in the introduction, an alternating analysis of shear 
locking is based on the Helmholtz decomposition of the shear strain, 

d 2(Vwd-kd) =Vrd+V XPd 
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(see [1, 9, 10]). This reduces (2.1)-(2.2) to a Stokes-like system for (qd, Pd) 
and uncoupled Poisson equations for rd and (Od . The locking effects are related 
to the Stokes-like system. It is possible to derive an analog of condition (a) 
for this system and then develop the locking theory in the previous sections via 
this approach. 

As is well known, the Stokes problem is the limit (as the Poisson ratio 
v -* 0.5) of the equations of linear elasticity for an almost incompressible 
material. The question of locking for nearly incompressible materials has been 
well studied in the literature (see, e.g., [5, 13, 14, 16]). This theory could essen- 
tially be applied to the Stokes-like system for (dkd, Pd) , which behaves similarly, 
since it tends to the same limit. Hence, spaces yN that are locking-free for the 
displacements in nearly incompressible elasticity (as analyzed in [5, 13, 14, 16]) 
will behave similarly for the rotations kd in the RM plate. (Of course, they 
must now be combined with appropriate subspaces ZN for the transverse dis- 
placements (Od .) In this way, many of our results for the RM plate established 
here may be predicted from the results for nearly incompressible materials in 
the above references. 

6. THE (1, 1, 2) PLATE MODEL AND HIERARCHICAL MODELING 

So far, we have only considered the RM model and its zero thickness limit, 
the Kirchhoff model, for modeling the actual 3-d plate. 

In this section, our goal is to analyze the locking characteristics of higher- 
order models, particularly the ( 1, 1, 2) model . The derivation of the ( 1, 1, 2) 
model and the related hierarchy is based on the "expansion" of the exact 3-d 
solution in terms of polynomials in the transverse direction. More precisely, 
let u = (u1, U2, U3) denote the displacement of the plate occupying the region 
R = Q x [ -, ] described in ?2, along the coordinate axes. For any n = 
(ni, n2, n3), ni > 0 integer, we define 

nH= j (xl xL , x2) L (p2) } 2 

3-d solution u3d is the minimizer of (iH) over all such R E 3. Then 
iP E nHiper, the solution of the (ni, fl2, n3) plate model, is defined as the 
unique minimizer of S'(i) over all vT E nHper c [Hpl (R)]3. Allowing n to 
vary then gives a hierarchy of plate models. For fixed d > 0, il' U-3di (the 
actual 3-d plate model displacement) as n x* o. Also, as d O* , il - U-3d at 
a higher rate in d when n is increased and il3d is regular (see [12] for more 
details). 

Since we are considering the case of pure bending (which exhibits shear lock- 
ing), we may take qSlj = q52] = 0 for j even, Co, = 0 for ] odd. The simplest 
model in this hierarchy is then obtained by taking n = (1, 1, 0), which yields 
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the three unknowns, 010, 020, CoO over the region Q2. This model is equivalent 
to the RM plate model (2.1)-(2.2), with Odi -- -4O, i = 1, 2 and Cod =- C 

(provided the elastic constants are suitably modified (see [2])). 
The model we discuss here is the next higher model in the hierarchy, obtained 

by choosing n = (1, 1, 2). This gives four unknown fields over Q, namely 
?10, (020, coo and C02. Denoting Ud = (4d, COd, Yd), where 4di, qd2, COd 
are as defined above and Yd - C02, we may write the Euler equation for the 
(1, 1, 2) model (analogous to (2.1)-(2.2)) as follows: 

(6.2) CdUd = -dd {(1 -V)Ad + ( - 2 VV Okd} 

-U(VCOd -bd) + AVyd = 0, 

(6.3) -/Md 2V* (VCd-kd) = 

(6.4) d 
d 

Ayd-Ad2V *d + 12d 4(2i + A)yd = g. 

Here, the elastic constants are the same as defined in ?2, and periodic boundary 
conditions are assumed for Ud. 

We may combine (6.3)-(6.4) to obtain the following equation instead of (6.4): 

(6.5) BdUd = Yd + 12(2+)( v (Vod -d) - 5AYd -AV * Od) = O. 

For d > 0, it has been shown in [2] that the (1, 1, 2) model exhibits higher 
accuracy than the RM model for several quantities of engineering interest. As 
d -O 0, the two models both tend to the Kirchhoff plate. Using (6.5), we see 
that in the limit, 

(6.6) BoU0 o = 0, 
so that using (6.6) in the limit Couo = 0 of (6.2) shows once again that (2.4) 
holds. Moreover, it may be verified that coo will again satisfy (2.5), with peri- 
odic boundary conditions. 

The weak form of (6.2)-(6.4) is as follows. For d E (0, 1], find Ud = 

(dd, Od, Yd) E V [H1e'(f)]4 such that for all v= (0, , z) E V, 

ad(Ud, v) = b(Ud, V) + (CoudCoV) + W2 
(6.7) ~V~)+($,V) 

+ 5d2 (VYd, VZ) + (2 + ) (yd, z) =F(v) . 

Here, C0 is as defined in (2.4), 

(6.8) b(Ud,v) = 2(1-v)Jj|{V2d VO + (I 2v) (*d)(V *)} dx1dx2 

and 

(6.9) F(v) = (g, 5) + (g, z) = Jj g(4 + z) dxl dx2. 

Suppose now that we are given a sequence {VN} of finite-dimensional sub- 
spaces of V = [Hp r()]4. Then the finite element solutions Udj E VN may 



480 MANIL SURI, IVO BABUgKA, AND CHRISTOPH SCHWAB 

be defined again by (3.1). As d -* 0, assuming that ad (UN , UN) is bounded 
independently of d will constrain various terms in (6.7) involving UN. Our 
goal is to show that these constraints cause exactly the same type of locking as 
in the RM case, and that the locking-free subspaces constructed for (2.8) yield 
corresponding locking-free subspaces for (6.7) when augmented by a suitable 
subspace for the additional variable Yd . 

We first show that condition (a) holds for the (1, 1, 2) model. To do 
this, we modify the definitions of various spaces introduced in ?2, in order to 
incorporate the extra unknown Yd . We let HkV,m (I) = HmAerlk(,) X Hkr(i) 
Let * IIE,d be defined by (2.9) and Ik,l ,m by the analog of (2.10). Then, 
(2.1 1) will once again hold, except that /3 = 2 now, i.e., an extra power of d- 
appears. 

The spaces Hk , d are now given by 

H d= {UE Hke+1k9k(Q), Cdu =0, BdU=0}, 

which once again can be characterized in terms of X alone, as in (2.15). The 
space HB d is now defined as follows: 

(6.10) H/B d = {U E Hk,d, lli u k9d < Bd 

where 

(6.11) IIUI12,d = II(?b, C Y))I,d = IkbI112+1 + Ilcoll' + dI211yIk2 

Then we see that for u = (q5, , y) E H/id, by (6.10)-(6.11), we have 

(6.12) IIBouIlk = IIYI|k < d2B. 

Using (6.12) and Cdu = 0 then gives (2.16) as before. 
The limiting set of Hk , d is now given by 

Hk,o = {u,-(q, c, 0), (0, c) E H k+Il k+2(Q) COU = 0} 

with HB 0 being the analog of (2.17b). Then the following theorem holds. 

Theorem 6.1. Let g be as in Theorem 2.1. Then there exists a unique sequence of 
periodic solutions {Ud} = {4d 1 C0d , Yd} (COd unique up to a constant) to (6.2)- 
(6.4) for d E (0, 1] and (2.3)-(2.5), (6.6) for d = 0, such that Ud E HB 
where B Cllglls-2, with C a constant independent of g and d. 
Proof. Analogously to (2.19), we may now show that the solution of (6.2)-(6.4) 
is given by (see [12]) 

Ud I 2 

lcd) 
\Yd' 

(6. 13) ,ik, 
4(- (30 + 3d 2k 1k2)l 

ik23(v- (30 + 3d12k12) 

A Akikx 4(9 3 3 ~ )~ ke | I 90 + d4 |IkI|4) (v 1) (36v-63)) keZ0 5d21k12 (3v + d2lk12 
- ) 
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where Ak = gk/,jikl4((v - -)dIkI2 - 30). (Equation (6.13) was derived from 
(6.2)-(6.4) using a computer algebra system.) The proof then follows similarly 
to the proof of Theorem 2.1. n 

The rate at which the solution of the (1, 1, 2) model tends to the limiting 
solution of the Kirchhoff plate in the Hj+J'S S(Q) norm (condition (a)), is 
given in the following analog of Theorem 2.2. 

Theorem 6.2. For any Ud = (kd, 0d, Yd) E H Bd, there exists uo = (qo, co, 0) 
E Hs,j such that 

(6.14) IlUd - UOlls+l,s,s < Kd2B, 
where c and K are constants independent of Ud, d, B. 
Proof . Given Ud E HB d define g satisfying (2.21) as in Theorem 2.2; also, let 

co be given by (2.20) and 00 = coo. Then (6.14) may be verified using (2.19), 
(2.20) and (6.12). 5 

Finally, let us note that the analog of Theorem 2.3 for the (1, 1, 2) model 
is easily established as well. 

We may now formally define locking and robustness for the II I ,i,i or 
III IE,d norm, as before. Our space VN = yN x ZN x MN will be assumed 
to be F0-admissible in the sense analogous to (3.3). (This means that for any 
spaces yN, ZN for the RM plate, we can construct VN by adding a space MN 
that approximates the unknown Yd in the Hler(Q) norm at the rate Fo(N).) 
Then the following analog of Theorem 3.3 will hold. 

Theorem 6.3. Let the spaces VN = yN x ZN X MN be Fo-admissible for the 
(1, 1, 2) model. Let WN be as in Theorem 3.3. Then the extension procedure 

= {VN} is robust with uniform order max{FO(N), g(N)}, where g(N) is 
given by (3.8). Moreover, F is free from locking if and only if (3.9) holds. It 
shows locking of order f(N) if and only if (3.10) holds. 

The proof of Theorem 6.3 is analogous to that of Theorem 3.3. The only 
difference is that in (3.12), v, must now satisfy Bo0v = 0 as well. Also here, 
fi = 2, so that both powers of d in condition (a) (i.e., (6.14)) are used. 

We therefore see that taking (for example) MN = yN leads to the same 
locking and robustness results for the (1, 1, 2) model as described in ??4 and 
5 for the RM model. 

A similar analysis (using more notation) may be done for higher-order models 
as well. Essentially, the higher-order terms in the expansion of the 3-d solution 
all are constrained to zero in the limiting case (similar to yo) and the only 
constraint that causes locking is the Kirchhoff constraint. Hence, the locking 
and robustness properties of various subspaces can be once again characterized 
by the results in ??4 and 5. 

Remark 6.1. From (6.2), it is observed that the (1, 1, 2) model will also exhibit 
"Poisson ratio locking" when v is close to 0.5. This locking does not occur for 
the RM plate, owing to the elastic constants being modified, but will occur for 
all higher-order models. By Remark 5.1, we see, however, that an element that 
is free of shear-locking (in the energy) as d -* 0 will also be free of Poisson 
locking as v -* 0.5, so that no additional precautions need to be taken to 
prevent Poisson locking. 
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